In this work we study the existence of almost periodic and asymptotically almost periodic solutions for partial neutral functional differential equations with unbounded delay.
Introduction
In this work we study the existence of asymptotically almost periodic and almost periodic solutions for a class of neutral functional differential equations with unbounded delay modelled in the form d dt (x(t) + f (t, x t )) = Ax(t) + g(t, x t ), (1.1) where A is the infinitesimal generator of a uniformly exponentially stable analytic semigroup of linear operators on a Banach space X ; the history x t : (−∞, 0] → X , x t (θ) = x(t + θ), belongs to some abstract phase space B defined axiomatically and f (·), g(·) are appropriate functions. Neutral differential equations arise in many areas of applied mathematics and for this reason have received great attention in the last decades. The literature relating to ordinary neutral differential equations is very extensive and we refer the reader to [1] concerning this matter. Referring to partial neutral functional differential equations, we cite the pioneer Hale paper [2] , Wu [3] [4] [5] and Adimy [6] for finite delay equations and Hernández and Henriquez [7, 8] for the unbounded delay one.
The existence of almost periodic and asymptotically almost periodic solutions is one of the most attractive topics in the qualitative theory of differential equations due to their significance in the physical sciences. For the cases of partial abstract functional differential equations and ordinary neutral differential equations, this problem has been treated recently in [9] [10] [11] and [12, 13] respectively. The existence of such solutions for "partial" neutral functional differential equations with delay is an untreated topic and it is the main motivation of our work.
In this work, A : D(A) ⊂ X → X is the infinitesimal generator of an analytic semigroup of linear operators (T (t)) t≥0 on a Banach space X and M, δ are positive constants such that T (t) ≤ Me −δt for t ≥ 0. We also assume that 0 ∈ ρ(A), where ρ(A) is the set of all complex numbers for which (λI − A) is invertible, i.e., (λI − A) −1 is a bounded linear operator in X . Under these conditions, it is possible to define the fractional power (−A) α , 0 < α ≤ 1, as a closed linear operator on its domain D((−A) α ); see [14] for details. If X α is the space D((−A) α ) endowed with the norm x α = (−A) α x , then the following properties hold.
is continuous in the uniform operator topology on (0, ∞) and there exists
In this work, B is a linear space of functions mapping (−∞, 0] into X endowed with a seminorm · B and verifying the following axioms:
is continuous on [σ, σ + a) and x σ ∈ B, then for every t ∈ [σ, σ + a) the following conditions hold:
(B) The space B is complete. Next we mention a few results and definitions and the notation needed to establish our results. 
The following lemmas are useful characterizations of a.p. and a.a.p. functions.
Lemma 1.2 ([16, p. 25]). A function f ∈ C(R; Z ) is almost periodic if, and only if, the set of functions
{H t f : t ∈ R}, where (H t f )(s) = f (s + t),
is relatively compact in C(R; Z ).

Lemma 1.3 ([16, Theorem 5.5]). A function F ∈ C([0, ∞); Z ) is asymptotically almost periodic if and only if, for every ε > 0, there exists L(ε, F, Z ) > 0 and a relatively dense subset of
[0, ∞), denoted by T (ε, F, Z ), such that F (t + ξ ) − F (t) Z < ε for every t ≥ L(ε, F, Z ) and every ξ ∈ T (ε, F, Z ).
In this work, A P(Z ) and A A P(Z ) are the spaces
F is a.a.p.} endowed with the norms |||u||| Z = sup s∈R u(s) and u Z = sup s≥0 u(s) respectively. We know from [16] that these spaces are Banach spaces.
every ε > 0 and every compact K ⊂ Ω there exists a relatively dense subset of R, denoted by 
p. (c) If x ∈ A P(X ), then t → x t ∈ A P(B). Moreover, if B is a fading memory space and z ∈ C(R; X ) is
such that z 0 ∈ B and z ∈ A A P(X ), then t → z t ∈ A A P(B).
The work has three sections. In Section 2 we study the existence of a.a.p. and a.p. solutions for (1.1). In Section 3 we apply our results to a type of neutral systems which arise in the study of delay control systems with feedback control governed by a proportional integro-differential law.
Existence results
To establish our results of existence we need the following technical lemma. Proof. Let ε > 0 be given and η = ∞ 0
and hence
The assertion is now a consequence of Lemma 1.3. The proof is complete.
To prove our results we always assume that the following condition is satisfied.
H 1 The functions f, g : R × B → X are continuous and there exist β ∈ (0, 1) and continuous functions
for every t ∈ R and every ψ i ∈ B such that ψ i B ≤ r .
From Hernández and Henríquez [7] we adopt the following concept of a mild solution of (1.1).
Definition 2.5. A function
u : (−∞, σ + a) → X , a > 0, is a mild solution of the neutral system (1.1) on [σ, σ + a) if u σ ∈ B, u | [σ,σ +a) is continuous; the function s → AT (t − s) f (s, u s ) is integrable on [0, t) for every σ < t < σ + a and u(t) = T (t − ϕ)(σ ) + f (σ, ϕ) − f (t, u t ) − t σ AT (t − s) f (s, u s )ds + t σ T (t − s)g(s, u s )ds, t ∈ [σ, σ + a).
Theorem 2.1. Assume that B is a fading memory space and that
Proof. Let r > 0 and 0 < λ < 1 be such that
where K is the number in Remark 1 and r * = (λ + 1)Kr . We affirm that the assertion holds for ε = λr .
and s → T (t − s) in the uniform operator topology on [0, t) and the estimate
. Moreover, from Lemmas 1.4 and 2.5 we infer that Γ u ∈ A A P(X ).
In the following, we prove that
which shows that Γ (·) is a contraction and completes the proof of this result.
The following result is proved using the steps in the proof of the previous result. We will omit details.
Theorem 2.2. If B is a fading memory space; (−A) β f (·) and g(
In the following result we establish the existence of an almost periodic solution.
Theorem 2.3. Assume that
(−A) β f (·) and g(·) are p.a.p. If L f (0) = L g (0) = 0 and (−A) β f (t, 0) = g(t, 0) = 0 for every t ≥ 0, then there exists u ∈ A P(X ) such that u(·) is a mild solution of (1.1) on every interval [σ, σ + a).
Proof. Let Γ : A P(X ) → C(R; X ) be the map defined by
From the proof of Theorem 2.1, it follows that Γ u(·) is continuous. From Lemma 1.4 and 1.2, we infer
which proves that Γ u ∈ A P(X ). Thus, Γ (·) is well defined and with values in A P(X ). Moreover, if L is the constant in Remark 1 and u, v ∈ B r = {u ∈ A P(X ) : |||u||| X ≤ r } we find that
is a contraction from B r into B r for r > 0 small enough, which completes the proof.
Using similar arguments we can prove the following result.
Theorem 2.4. Assume that
, then there exists a unique u ∈ A P(X ) such that u(·) is a mild solution of (1.1) on every interval [σ, σ + a).
Example
Consider the first-order boundary value problem Such equations arise, for example, from some control systems described by abstract retarded functional differential equations with feedback control governed by a proportional integro-differential law; see [7, Examples 4.2] for additional details.
To study (3.2) and (3.3) and for sake of brevity, we adopt the notation and technical conditions of 
Proposition 3.1. If A(·)
is asymptotically almost periodic (resp. almost periodic), then there exists a mild solution u(·) ∈ A A P(X ) (resp. u(·) ∈ A P(X )) of (3.2) and (3.3).
